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ABSTRACT. We study geometric properties of the family of p-parallel
bodies of a convex body K with respect to a gauge body E. In partic-
ular, we investigate various regularity properties of their boundaries by
means of their 0-extreme vectors, aiming for extensions of several results
known for the p = 1 case. We also analyze decomposition properties of
convex bodies via the p-sum of their p-inner parallel bodies. To this end,
we introduce a new convex body associated with K, which is related to
the p-parallel bodies and the p-sum of convex bodies, the p-form body,
and examine its properties. The latter provides improvements of in-
equalities involving p-inner parallel bodies, their support functions and
mixed volumes.

1. INTRODUCTION

Let K™ be the set of all convex bodies, i.e., non-empty compact convex sets
in the Euclidean space, endowed with the standard scalar product (-, ), and
the Euclidean metric. Let Kf be the subset of K™ consisting of all convex
bodies containing the origin. We also denote by KI' (respectively, IC?O)) the

subset of K™ having interior points (0 as an interior point). A convex body K
is called strictly convez if its boundary bd K does not contain a segment, and
regular if all its boundary points are regular, i.e., the supporting hyperplane
to K at any € bd K is unique. Let B, be the n-dimensional unit ball
and S"! the (n — 1)-dimensional unit sphere of R”. The volume of a set
M C R™, i.e., its n-dimensional Lebesgue measure, is denoted by vol(M),
its interior by int M, its closure by cl M, and its convex and linear hull by
conv M and lin M, respectively. The dimension of M, i.e., the dimension of
its affine hull, is denoted by dim M. If u is a Borel measure on S"~!, its
support is denoted by supp u.

The Minkowski addition and its counterpart the Minkowski difference of
non-empty sets in R™ are defined as

A+B={a+b:acAbe B}, and A~B={zecR": B+x C A},
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respectively. We refer the reader to the book [32, Section 3.1] for a detailed
study of them.

In 1962 Firey introduced the following generalization of the classical
Minkowski addition (see [9]). For 1 < p < oo and K, E € K{}, the p-sum (or
L, sum) of K and E is the convex body K +, E € K} defined as follows:

WK +p B u) = (h(K, u)? + h(E, u)P) v

for all w € S"~!, where h(K,u) = max{(z,u) : © € K} denotes the support
function of K € K" in the direction u € S*~! (see [32, Section 1.7] for a
detailed study of the support function).
In [28] the following counterpart of the p-sum was introduced: for K, F €
0, EC K, and 1 < p < oo, the p-difference of K and E is defined as

K~y E = {m ER™: (z,u) < ((K,w)” — h(E,u)")"'", u e S"—l} .

When p = 1, in both above cases the usual Minkowski sum and difference
are obtained. From the definition it follows that for any 1 < p < oo

(1.1) WK ~, E,u) < (h(K,u)? — h(E,u)?)"/".

When dealing with the p-difference it is useful to work with the following
subfamily (see [28] for further details):

t0(E)={KeKj:0€ K ~r1(K;E)E},
where
r(K;FE) = max{r >0:2+rF C K for some x € R"}
is the relative inradius of K with respect to K.

Let E € Kff and K € K{,(E). The full system of p-parallel bodies of K
relative to E is defined as follows.

Definition 1.1 ([28]). Let E € Kf, and let K € Ky (E). For 1 < p < oo,
o [ K NE i —x(KB) <A<,
MO K4 AEif 0< A< oo

K? is the p-inner (respectively, p-outer) parallel body of K at distance ||
relative to E and kery(K; E) := Kfr(K,E) is the p-kernel of K with respect
to E.

We point out that here the standard notion of inradius is used because,
indeed, what would be the natural definition of p-inradius actually coincides
with the classical one (see [28, Section 3)).

It is known (see [2, p. 59] for p = 1 and [28, Proposition 3.1] for p > 1)
that the p-kernel of K € K{j,(E) with respect to E € K is always a lower-
dimensional convex body, for 1 < p < oc.

For the sake of simplicity, we will omit the index 1 in the above concepts
in the classical setting of p = 1, and thus, we will write K instead of K )1\
or, for instance, will just say inner rather than 1-inner.
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The following operation introduced in [28] between real numbers plays a
relevant role when dealing with the p-sum of convex bodies. Notice that, as
also negative reals are considered, this definition extends (up to a constant)
the classical p-mean of positive real numbers (see [14]). Let +, : RxR — R
denote the binary operation defined by

sgny(a,b) (la? + |b|p)1/p if ab >0,

1.2) a+,b=
(1:2) atp sgny(a, b) (max{]a\, 6]} — min{|al, ]b[}p) v if ab <0,

being sgn, : R x R — R the function given by

sgn(a) =sgn(b) if ab >0,

sgny(a,b) = 4 sgn(a) if ab < 0 and |a| > |b),

sgn(b) if ab <0 and |a| < |b),
where, as usual, sgn denotes the sign function. We notice that for ab > 0,
this definition corresponds, up to maybe a signed constant, to the classical
p-mean ([14, Chapter I1]) and does not correspond to any of the more general
¢-means considered in [14, Chapter III]. We include here the following result

from [28], which provides us, among others, with the value of the inradius
of the p-inner parallel bodies.

Proposition 1.2 ([28]). For E € K§, let K € Ki,(E), and let A\, > 0.
The following relations hold for any 1 < p < oo:

i) (Ki)i = K§+pu'
i) (K2,)5 C K{ \yy,, if A< 1(KGE).
iii) (Kg)iu = K0y AP+ 0P S p(KGE)P.
) (Kf)ziu = K§+p(—u) if p <1(K;E) 4, A\
v) AKf = ()\K)ia for all —r(K; FE) < 0 < o0.
Notice that iv) yields that
r(KY;E) = A +p1(K; E).

The following observation will be implicitly used several times. We include
it explicitly for completeness.

Remark 1.3. Let E € Kfj, K € K§,(E) andr :=1(K; E). We observe that

1v

(1.3) WK, u) < (h(K,u)? — |\Ph(E, u)?)"/?
for all —=r < X < 0.

For convex bodies K1,...,K,, € K" and real numbers A,...,\,;,, > 0,
the volume of the linear combination A1 K7 + - - - + A\, K, can be expressed
as a homogeneous polynomial in the variables Aq,..., Ap.:

(14)  vol(MEKy+- 4 AnKm) = > V(i Ki)Aiy Ny

01 yeeeyin=1
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whose coefficients V(Kj,,..., K;,) are the mized volumes of Ki,..., K.
Moreover, it is known that there exist finite Borel measures on S"~!, the
so-called mized area measures S(Ka, ..., Ky, -), satisfying that
1
V(Kl,,Kn):/ h(Kl,u)dS(KQ,...,Kn,u).
n Snfl

If only two convex bodies K, E € K" are involved in the previous sum,
the mixed volumes arising in (1.4), V(K[n — 1], E[i]) =: W;(K; E), where
K[j] denotes that the body K appears j times, are called quermassintegrals
of K (relative to E). In particular, Wo(K;E) = vol(K), W,(K;E) =
vol(E). In the case of the mixed area measures, we will also abbreviate the
notation writing S(K[n — i — 1], E[i],-) if the convex bodies are repeated.
For a thorough study on quermassintegrals, mixed volumes and mixed area
measures we refer to [32, Chapter 5.

One of the most useful tools to deal with p-inner parallel bodies is the
notion of Wulff-shape. If  C S*! is a subset of the unit sphere, not lying
in a closed hemisphere, and v : S*~! — [0,00) is a non-negative function,
the closed convex set

WS(Q,v) := ﬂ {zr e R": (z,u) < P(u)}
u€eN
is called the Wulff-shape or Aleksandrov body associated with (€2,) (or just
with v, if © = S"71). We write also WS(¢)) := WS(S"~1,4). For further
details about Wulff-shapes we refer the reader to [32, Section 7.5] and the

references therein. For instance, the p-inner parallel bodies of a convex body
K (relative to E) can be seen as the Wulff-shape

1
KE = WS((R(K, ) = ]APR(E, ") ")
(see [32, p. 411] for the case p = 1).

Remark 1.4. Using [32, Lemma 7.5.1 and (7.100)] we obtain that for any
such ¥, WS(v) is a convex body containing the origin, and moreover,

h(WS(), ) < ().

Furthermore, it is not difficult to prove that h(WS(zp),u) = ¢(u) for all
u € suppS(WS(w)[n —1], )

We recall that a vector u € S*~! is a 0-extreme normal vector of a convex
body K € K™ if it cannot be written as u = wuy; + wuo, with w; linearly
independent normal vectors at one and the same boundary point of K. We
write Up(K') to denote the set of O-extreme normal vectors of K. A somehow
dual concept arises with the notion of extreme point: y € K is an extreme
point of K if it cannot be written in the form y = (1—-\)z+ Az with z,z € K
and A € (0,1). Then, the so-called dual of the Krein-Milman theorem (see
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e.g. |32, Notes for Section 1.4] or [30, (2.9)]) allows us to write

(1.5) K= () {zeR": (xu) <h(Ku)}.
uelp (K)

The latter establishes, roughly speaking, that in the same manner as extreme
points of K determine K by means of the convex hull, extreme vectors of
K determine K by means of intersections of halfspaces. These vectors allow
one to define, by means of a Wulff-shape, a special convex body associated
with two convex bodies: for K, E € K}, the (relative) form body of K with
respect to E is defined as (see e.g. [6])

K*:=WS(Up(K),h(E,)).

For an alternative (equivalent) definition of form body see |32, p. 386]. Al-
though K™ depends also on the so-called gauge body F, for the sake of
simplicity, we omit F in the notation.

Differentiability properties of functions that depend on one-parameter
families of convex bodies play an important role in some proofs in Convex
Geometry (see e.g. [32, Theorem 7.6.19 and Notes to Section 7.6]). In par-
ticular, for £ € K" and K € K", the differentiability of functions depending
on the full-system of parallel bodies was already addressed by Bol (see [1])
and Hadwiger (see [13]). One of the most useful classical tools in this con-
text is the differentiability of the function vol(Ky) on —r(K;E) < XA <0,
whose derivative is

d
—vol(Ky) = nWi(K); E).

dA
The integral representation
1
(16)  Wi(K:E) = n/ h(K, u) dS(K[n — i — 1], E[i], u)
Sn—1

leads to think that the differentiability of quermassintegrals is related, in a
certain way, with the differentiability of the support function of K € K",
both with respect to the parameter defining the full system of parallel bodies
of K with respect to E. In the classical case (p = 1), Sangwine-Yager [30),
Lemma 4.9] stated that

4
d/L H=A

where K} := (K))* denotes the form body of K with respect to E.

In [15, Theorem 4.1] it is shown that in the case 1 < p < oo, if F €

o is regular and K € Kfj(E), then the function A — W,_;(K}; E) is
differentiable, and its derivative can be computed by differentiating under
the integral sign in the integral representation of W,_1(K?%; E), both with
respect to the parameter .

We provide an improvement of the (best) lower bound of (1.7)) in the case
1<p<oo.

(1.7) h(K,,u) > h(K,u) > h(E, ),
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Theorem 1.5. Let E € K, K € Kio(E), 1 =1(K;E) and let 1 < p < 0.

Then for almost all A\ € (—r,0] and every u € S*71,

d AP~ A (D) u)”

h(KE u) >
i) = =

(1.8) v

@ p=A

Geometric properties of p-inner parallel bodies, in general, and inner par-
allel bodies, in particular, can be already found in the literature (see e.g.
[11, 15, 18, 19, 20} 22] 24, 25, 28, 29, 30]). In [17] and [30] several relations
between the set of 0-extreme vectors of the inner parallel bodies of K and
the set of 0-extreme vectors of K itself were established. We will make use
of some of these results, in particular, of the arguments in their proofs, along
the paper.

The integral formula (1.6)) for i = 0 establishes that

vol(K) = = / WK, w) dS(K[n — 1], ).
n Jsn—1
However, since suppS(K[n — 1],) = clUp(K) for K € K ([32, Theo-
rem 4.5.3]), if K = WS(¢)) we also have
vol(K) = 2 [ ) dS(K[n — 1, ).
n Jsn—1

The latter suggests a strong link between Wulff shapes and 0-extreme vec-
tors, and therefore we may expect to use the Wulff-shape structure in or-
der to obtain properties of the boundary of convex bodies. The following
proposition contains two statements in this spirit. They were proven by the
second author in [27, Propositions 4.1.8 and 4.1.11]. We include the proofs
in Section [2| for completeness.

Proposition 1.6. Let 1 <p < oo, and let K,L,E € K.
i) Then
UO(K +p L) D) UO(K) UUO(L)

ii) Let further K € Kijy(E) and r = r(K; E). Then, for all —r < XA <0
we have

Up(KY) C Uy(K).

In the literature, we can find upper and lower bounds for the quermass-
integrals, in particular for the volume, of K or K f relative to F in terms
of quermassintegrals of K, E and the form body of K (with respect to F),
see [3, 24, 25, 31]. We establish new inequalities in the case 1 < p < o0,
by proving the following upper bound for the i-th quermassintegral of K- f\’
involving K7, the so-called p-form body of K with respect to £, which is a
generalization of the above defined form body (see Section 3 for the defini-
tion).
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Theorem 1.7. Let E € Kij, K € K{j,(E), 1 <p < oo, r=r1(K;E), and let
i€{0,1,...,n—1}. Then, for all A\ € [-r,0] we have that

ap ' Wi(KY E) < Wi(K; E) — [MapV(K[n — i — 1], K5y, Eli])
n—i—1 '
— A Y e V(KR[G], Kn —i— j — 1], K}, E[i]),
j=1

1_
where we write, for the sake of brevity, o, = 27 '

The paper is organized as follows. In Section 2 we introduce the notion
of 0-extreme vectors in detail, along with some considerations for the set of
O-extreme vectors of p-inner parallel bodies and the (classical) form body.
Furthermore, for K € K", we investigate the set of 0-extreme vectors of
two new convex bodies, closely linked to K and all its inner parallel bodies.
In Section 13l we define the p-form body of a convex body containing the
origin. This allows us to prove Theorem [1.5, as its proof relies strongly on
properties of the p-form body, addressed also in this section. Finally, in
Section 4] we prove Theorem (1.7, as well as other bounds for the relative
(mixed) quermassintegrals of the p-inner parallel bodies.

2. 0-EXTREME VECTORS OF CONVEX BODIES AND RELATED CONCEPTS

The set of 0-extreme normal vectors of a convex body K € K" plays an
important role in the study of singularities of convex bodies (see e.g. [32,
Section 2.2]), for they characterize, for instance, the regularity of convex
bodies in terms of their 0-extreme vectors:

(2.1) K € K" is regular if and only if Uy (K) = S™ 1.

The following characterization of 0-extreme vectors can be found in [30,
Lemma 2.3] and will be useful throughout this section, being a fundamental
tool to prove Propositions 1.6 and 2.4:

u € Uy(K) if and only if for u; # ug in S"! such that
(2.2) u = auy + Bug, with «, 8 > 0, one has
h(K,u) < ah(K,u1) + Bh(K, us).

In 1978, Sangwine-Yager proved in [30, Lemma 4.5] that for K, E' € K} with
r =r(K; E), one has

(2.3) UO(K)\) - UO(K) forall —r<A<O.
And furthermore (see [30, Lemma 2.4]), that for K, E € K",
Uo(K + L) D Uy(K) UUy(L).

Notice that Proposition 1.6/ is the natural extension of the above results to
the case 1 < p < co. As mentioned in the introduction, we include its proof
for completeness.
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Proof of Proposition1.6. The assertion in i) follows in a straightforward
manner from (2.2). Indeed, let v € U(K) and let ug,us € S, ug # uo,
be such that v = au; + Pug, with o, 5 > 0. Then, by (2.2) we have

hK,u) < ah(K,uy) + Bh(K, us).
For L, the subadditivity of the support function gives also
h(L,u) < ah(L,u1) 4+ Bh(L, u2).

These inequalities, together with Minkowski’s inequality for sums of real
numbers (see e.g. [5, Theorem 9.5]), yield

WK +p L,u) = (h(K, u)? + h(L,u)?) """
< ([ah (K, ) + Gh(K, ua)]” + [0h(L,ur) + Bh(L, us)] p)” g
< ((an(K, u))” + (ah(L,ul))p)I/ + (BRI, u2)” + (BR(L, u2)) )l/p
= o(h(E.w) + h(L. ul)p>1/ "t (M )P + h(L o)) v
= ah(K +p Lywr) + BI(EK +p Ly us).

Then, (2.2) implies that v € Uy(K +, L), and thus Uy(K) C Uy(K +, L).
Analogously, we get Uy(L) € Uy(K +, L), which concludes the proof of i).
Now we prove ii). Let A € (—r,0) and let

u € Uy(KY) C clUy(KY) = supp S(K}[n —1],-)
([32, Theorem 4.5.3 and (7.100)]). Then,
(24) h(KS.u) = (h(K,w)" — APh(E, w)?) /"

(cf. Remark1.4). Let uy,us € S* ! and o, 8 > 0 be such that u = auy+Bus.
By (1.1), (2.2) and (2.4), and taking into account the Minkowski inequality
for sums of real numbers (see e.g. [5, Theorem 9.5]), we obtain that

(K, u) = (h(K?, u)? + |\Ph(E, u)?)"/?
< ([oh(T ) + BA(KT, w2)]” + NP [oh(E,w) + Bh(E.w)]") "
< ((ah(K,u))” + (a|)\\h(E,u1))p>l/p + (RS, w2))? + (BIAB(E, u2))")

1/ 1/
= a (KL, u)? + PR, w)”) "+ B(R(E, ua)? + APR(E, u2))
< ah(K,u1) + Bh(K, uz).

1/p

In virtue of (2.2) we conclude that u € Uy(K). O

Remark 2.1. Proposition 1.6/ implies that every p-inner parallel body of a
polytope is also a polytope, for all 1 < p < 0.
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From (2.3) we immediately have that
(2.5) U (k) CUo(K).
—r<A<0

In [23] it was shown that, for instance, if K € K™ is a polytope, then equality
holds in (2.5) when E = B,,. The following result shows that just assuming
that F € IC?O) is regular and strictly convex, then one can get equality in

(2.5) but involving the closures of the sets of extreme vectors.

Proposition 2.2. Let K € K}, let E € IC?O) be reqular and strictly conver,
and let v = r(K; E). Then,

U dtho(Ky) = cdity(K).

—r<A<0

Proof. Let K € K'. Then Ky € K' for —r < A < 0, and thus, by [32, The-
orem 4.5.3], we have supp S(Kx[n — 1],-) = clUp(K ). We observe that K
converges to K if A tends to 0 in the Hausdorff sense (for a precise definition
and properties of the Hausdorff metric we refer to [32, Section 1.8]). Since
the surface area measures are weakly convergent (see [21, Theorem 4.2]), we
have that

S(Kx[n—1],") = S(K[n—1],-)
weakly, as A tends to zero. Thus,
supp(S(K[n —1], ) C lim inf supp(S(KA[n —1], )
which implies that
clUp(K) C liminf clUy(Ky)

zlimcluo(KA):cl< U cluo(K,\)>.

—r<A<0
From (2.3)) the claim follows:
U duh(Ky) = dig(K). 0

—r<A<0

2.1. The Riemann-Minkowski integral of the inner sets. Next we
study some properties relating the 0-extreme vectors of the inner parallel
bodies of a convex body and the so-called Riemann-Minkowski integral of
the inner parallel bodies, which is defined as follows.

Definition 2.3. Let K, F € K™ and let —r := —r(K; F) < a < b < oo. The
Riemann-Minkowski integral of the family {K)}xe(—r ) between a and b is

the convex body f: K dX\ whose support function is given by

b b
h(/ KAd)\,u) :/ h(Ky,u)d\ for all u € S"L.
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Notice that { K} _r<a<o is continuous in A with respect to the Hausdorff
metric in " ([28, Proposition 4.3]), and so the function A\ — h(Kj,u) is
integrable for all u € S*~!. The Riemann-Minkowski integral of a bounded
family of convex bodies was introduced by Dinghas in [7], and was treated
in [8, 10, 30] as a useful tool to obtain geometric inequalities.

A relation between both, 0-extreme vectors of the inner parallel bodies
of K with respect to F, and 0-extreme vectors of the Riemann-Minkowski
integral of {K)}xe[r,g is stated in the following result.

Proposition 2.4. Let K, E € K", r =1r(K;E) and —r < a < b < 0. Then,

U (K St </abKAd/\>-

a<A<b

Proof. Let Ao € [a,b), and let u € Uy(K),). Using (2.3) we obtain that
Up(Ky) € Up(Ke) for —r <1 <& < 0. Then, u € Up(Ky) for all A € g, b).
Let u; # up in S* ! and «, 3 > 0 be such that u = au; + Buz. Then, by
(2.2) and using the sublinearity of the support function,

b b
h(/ K,\d)\,u> :/ h(K, u) d

Ao b
:/ h(K,\,u)d)\—i—/ h(Ky, u) dA
a A

0

b b
<a/ h(K)\,ul)dA-f—ﬁ/ h(K)\,UQ)d)\.

Therefore, u € Up( [ Ky d\). O

As a consequence of the latter and Proposition 2.2, we obtain a condition
for the regularity of the Riemann-Minkowski integral of {K},.

Corollary 2.5. Let K, E € K" be reqular, with E strictly convez, and let
r = 1(K: E). Then clly ( 12 K, d)\> —snl,

Proof. Since K is regular, we have that cliy(K) = S"~!. Propositions 2.2
and 2.4/ imply that

S =cUp(K) = | cUp(Ky)
—1r<A<0

gd( U UO(K,\)) C cliy </_(1KAd)\>.

—r<A<0
Therefore, cltdy ([° Ky d\) = $*. O

The statements so far do not involve the form body, which happens to
be fundamental for our main results. Next, we will deal with 0-extreme
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vectors of the form body in connection to the previous results. Sangwine-
Yager proved in [30, Lemma 4.6] that for full-dimensional convex bodies
K,E € K7, the inclusion

(2.6) Uo(K™) C clUp(K)

holds true. In [17, Lemma 2.1] it is shown that if £ € K! is regular, then
equality holds in (2.6) for all K € K.

Directing our attention to the convex body f?r K3 d\, Sangwine-Yager
established in [30, Lemma 3.2] that for £, K € K", with 0 € int £ and
r =1(K; E), the following relation:

0
(2.7) K_, + Kyd\C K.
Using the fact that, if £ € K{ is regular, then Uy(K*) = clUy(K) [17,
Lemma 2.1], we get, similarly to Corollary 2.5, that for K € K", E € K
regular, r = r(K; F) and —r < a < b <0,

U U (K3) € clidy (/abK;dA>.

a<A<b

The latter inclusion allows us to obtain an improvement of (2.5) in particular
cases. For instance, if £ € K is regular and equality holds in (2.7), then
we have the following relation, which improves (2.5):

Up(K) D Uy </OK;C1A); U )2 | thEs)

-t —r<A<0 —r<A<0

2.2. A general convex body associated to a convex set and a posi-
tive function. Next we introduce a new convex body associated to a con-
vex body K € K" and a positive function ¢ over S"~!, which includes the
relative form body and the inner parallel bodies as particular cases. Let
K € K" and ¢ : S ! — (0, 00) be a (not necessarily continuous) function
with inf,e (k) 1¥(u) > 0. Let us define the following set:

Ky = WSUo(K), ).

Notice that, as linly(K) = R", because K is full-dimensional, K, € K".
Moreover, 0 € int Ky, since inf, g (k) ¥ (u) > 0. Hence, Ky € Koy Ob-
serve that if F € /C?O), then Ky = K™

The following auxiliary result will allow us to obtain the analogue of (2.6)
for K, (Proposition 2.7). Although it seems to have been used already in

the literature, we include a short proof for completeness.

Lemma 2.6. Let K € K" and let v : S"™1 — (0,00) be a continuous
function. Then,

(2.8) cl{wa):ueuo(f()}:{E;):uecluo(f()}.
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Proof. Let x € cl {ﬁ tu € Z/IO(K)}. Then, we find a sequence of 0-extreme

vectors {u;}22; C Up(K) such that lim; %qj]) = z. Since Up(K) C S"~! and

S"~! is compact, we may assume that limju; = @ € clUp(K). Since 9 is
continuous, we get that x = % = ﬁ for w € clUy(K).
Conversely, let x = %, with u € clUy(K'). Then, there exists a sequence
{u;}52, C Up(K) with lim; u; = u. Since ¢ is continuous, we have that
lim; u; . U
Uj

xzwzll?WECI{W:ueuo(K)}. O

The proof of the following result follows the lines of the proof of (2.6) in
[30, Lemma 4.6], now in a slightly more general setting, taking into account
Lemma 2.6. We include the complete argument here for completeness. Re-
call that, for any subset A C R", the dual or polar set of A, denoted by A°,
is defined by

A° ={x eR": (r,a) <1forallaec A}

and, as usual in the literature, we will write A°° = (A°)°. The different
properties of the dual set that will be used throughout the proof can be
found in [33].

Proposition 2.7. Let K € K? and let ¢ : S*! — (0,00) be a continuous
function. Then, Uy(Ky) C clUy(K).

Proof. For all u € Uy(K), we define
U o
Xy={xeR": (z,u) <Y(u :{} .
o R (@) <00} = { o7
Thus, Ky = (Nyers(x) Xu- Let us define also

Y, = X0 = {Ju)} = clconv ({wa)} u{o}) = {j(z) 0<0< 1}.

Then, 000 o
R E N g

and thus, we have that

U v = ) o= () Xu=Ky

ueUy (K) uely (K) u€Up(K)

Therefore, by Lemma 2.6, and taking into account that 0 € Y,, for all u €
Uy(K), we deduce that

00

o __ _ u .
K= |J v —conv{(u) .uecluo(K)}.
u€Uy (K)
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Thus, if y is an extreme boundary point of K, then y = % for some

u € C]U()(K).
Now, let ug € Up(Ky). By duality, we find that y = m is an
extreme point of K (see [30, Lemma 2.2]). Notice that h(Ky,up) > 0

because 0 € int K. Then, ug = h(%u’;m)u for some u € clUp(K). Since
h(Ky, ug),1(u) > 0 and u,up € S"71, it must be h(Ky,ug) = ¥(u), from
which up = u € clUp(K). O

Notice that if 9 is not a continuous function, the result of Lemma 2.6/ can
fail, as the following example shows.

Example 2.8. We are going to see that there exist X € K3 and a non-
continuous function ¢ : §* — (0,00) with inf,ey(x) ¥ (u) > 0 such that
(2.8) does not hold.

Let H, = {(:E,y,z)T eR3:y+ (~1)z < 1}, i = 1,2, and we consider
the truncated cylinder K = H NHy N {(z,y,2)T € R® : 2? + y? = 1} (see
Figure [I)). It is easy to see that es = (0,1,0)T € clUy(K)\Uo(K); indeed,

1 1N\T
Uy(K) = {(sinh,cos6,0)T : 8 € (0,2 Uq(0,—,— .
W) = {( rioeozntul (02
We define ¢ : S — (0,00) by 9(u) = 1 if u # ey and 9 (ez) = 1/2. Clearly,
1 is not continuous at e;. On the one hand, we have that

cl{wz‘u) ‘ue UO(K)} — {(sin6, cos6,0)T: 6 < [0, 27r]}U{(0, \}ﬁi\g)T} |

On the other hand, {ﬁ Tu € CN/{O(K)} = Up(K) U {2e2}, and thus (2.8)

fails to be true.

FIGURE 1. The truncated cylinder K.

3. ON p-DECOMPOSITIONS CONTAINED IN A CONVEX BODY

From the definition of Minkowski difference, we have that K is the largest
convex body such that K +|AE C K, for all —r(K; E) < A < 0. Moreover,
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it is known that
(3.1) K,\—|-|)\|K* CK,

for all —r(K;E) < A <0 (see [30, Lemma 4.8]). Relation (3.1) allows us to
approach the convex body K by means of a Minkowski sum inside K, better
than using F, by using K* (which contains E) instead. When K, E € Kf,
and E is regular, equality conditions of (3.1)) were given in [18, Theorem 2.2].

For E € K§, K € K§y(E), 1 <p < oo and r = r(K; E), we obtain from
the definition of p-difference that for all —r < X\ < 0, K7 is the largest convex
body such that K% +, |\|E C K (see [28]). Then it is a natural question to
wonder which is the largest convex body L D F satisfying K} +, [A\|L C K,
for all —r < A < 0. Taking into account this idea, we introduce the following
convex body.

Definition 3.1. Let E € Kf, K € Kijy(E), 1 <p < oo and let r = r(K; E).
The (relative) p-form body of K with respect to E, denoted by K3, is the set
K, = WS(Z/{O(K), ff), where flf( :S"1 — [0, 00) is the function given by

ff(u) = 7rign)f<0 ’;(h(K, u)? — h(K%, u)P) 1/p

As in the case of the (classical) form body, K, depends on the gauge body
E, but we do not write this dependence explicitly for the sake of brevity.
Note that for any A € [—r(K; E), 0], |A|fX(u) < (h(K,u)? — h(KZ,u))"'?,
and by (1.3), fF(u) > 0 for all uw € S"~'. Indeed, fX(u) > h(E,u) for all
u € Up(K) (cf. (1.1) and (1.3)), which implies, in virtue of the dual of the
Krein-Milman theorem, that £ C K. In particular, K/ cannot be lower-
dimensional if £ € K'. The p-form body satisfies analogous properties to
those of the classical form body. We start by proving the following result.

Proposition 3.2. Let E € Ky, and let K € K§,(E). Let further 1 < p < oo,
and let r = v(K; E). Then:
i) K, € Kf.
i) K* C K.
i) K% +, [\ K, C K, for all =t < X <0.

Proof. We start by proving ii). Let z € K*. Then, (x,u) < h(E,u) for all
u € Up(K). As we noticed before, we have that fi(u) > h(E,u) for all
u € Up(K). Therefore, (z,u) < h(E,u) < f;{(u) for all u € Uy(K), and
hence z € K.

iii) If A = 0 the result trivially holds. So, let —r < A < 0 and take
u € Up(K'). Then we have (cf. Remark 1.4/ and (1.3))

(KR +p MK, w)" < AR, w)? + AP £ (w)? < h(K, ).

Thus, h(K% +, |AK;,u) < h(K,u) for all u € Uy(K), and therefore, the
dual of the Krein-Milman theorem ensures that K} 4, [A\|K}; C K.
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Finally we prove i). By construction, K is an intersection of closed
halfspaces, and thus it is closed and convex. Moreover, by iii) we have

that K, C %K, and hence K is bounded. Since 0 € K, we deduce that

K e Ky, O

The following result shows that the p-form body K, as its more classical
counterpart, is invariant under dilations of the body K.

Lemma 3.3. Let E € K{, K € K{y(E), 1 <p < oo and 0 > 0. Then,
(0K), = K.

Proof. Let u € Uy(AK). By Proposition [1.2/ v) and taking into account that
the inradius is positively homogeneous, namely, r(0K; E) = 0r(K; E), we
obtain that ng(u) = ff(u). Since Uy(0K) = Uy(K) for any 6 > 0, we get
the result. O

Remark 3.4. Let E € Kij, K € Kij)(E), 1 <p < oo and letr = r(K; E).
Then,

K? +,(r+p NEK, C K
for all —v < X\ < 0. Indeed, since E C Kj, using Propositions 1.2 and 3.2
we obtain that (K +, (r +, )\)K;) +p [ME C KP +,rK; C K, from what
follows that K +, (r +, M) K, C K.

It is not difficult to see that the (classical) form body of K with respect
to E is the largest convex body such that, for all -t < A <0

(3.2) K~ |NE =K ~ |\K*.

The latter inequality says that the geometry of K* describes, in some sense,
the geometry of the inner parallel bodies. We are going to see that the
p-form body verifies an analog property to (3.2).

Lemma 3.5. Let £ € K}, K € K§)(F), 1 <p < oo and let r = r(K; E).
Then, for all —=r < A <0,

(3.3) K ~p NE = K ~p [NKE.
Proof. From Proposition 3.2 iii) we have that
K? = K~y |\E C K ~, [N K.

The reverse inclusion follows from the fact that £ C K* C K; (see Propo-
sition [3.2/1)). O

The following result shows that the 1-form body coincides with the (clas-
sical) form body when the gauge body E is regular and strictly convex.

Corollary 3.6. Let K € K and let E € IC?O) be reqular and strictly convez.
Then, KT = K*.
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Proof. Let r = r(K; E). We know that cliy(K) = (J_,.ycoclUo(K)) (see
Proposition 2.2)). So, given u € clUy(K), there exists A € (—r,0) such that
u € clUp(Ky). Now, if u € Uy(K)), then h(Ky,u) = h(K,u) — [Ah(E,u)
(see [30, Lemma 4.4]) and thus, if u € clUp(K), we also have h(K)y,u) =
h(K,u) — |A|h(E,u) by the continuity of the support function, and the con-
tinuity of the full system of parallel bodies { K } xe[—r,0] in A (see [28, Propo-
sition 4.3]). Hence, f{(u) = h(E,u) for all u € clUy(K). Therefore,

K = ﬂ {z e R": (&,u) < h(E,u)}
u€Uy (K)

= [\ {zeR":(z,u) <h(Bu)}=K" O
u€clUp (K)

Next we prove some properties of the p-form body and the p-kernel of the
so-called tangential bodies. This kind of bodies can be defined in several
equivalent ways; here we will use the following one: a convex body K € K"
containing a convex body F € K" is called a tangential body of E | if through
each boundary point of K there exists a support hyperplane to K that
also supports . We notice that if K is a tangential body of E, then
r(K; FE) = 1. For instance, the n-dimensional cube [—1,1]" is a tangential
body of F = B,. For an exhaustive study of the more generally defined
p-tangential bodies, we refer to [32, Section 2.2 and p. 149]. Tangential
bodies happen to be intrinsically connected to their p-inner parallel bodies,
as they are characterized as the only convex bodies such that their p-inner
parallel bodies are homothetic copies of themselves. We refer the reader to
[32, Lemma 3.1.14] for the case p = 1, and [28, Theorem 4.2] for p > 1. We
include the precise statement for completeness.

Theorem 3.7 ([32, Lemma 3.1.14], [28, Proposition 4.5 and Theorem 4.2]).
Let K, E € K with EC K andr(K;E)=1. Let 1 <p < 0.
i) If KY = 0K for some 6 € [0,1] and X € [—1,0], then 6 = (1—|/\\p)1/p
and K_(1_g) = 0K.
ii) Let K,E € K{, intE # 0, with E C K and v(K;E) = 1. Let
1 <p<oo. Then K is a tangential body of E if and only if Kf is
homothetic to K for all A € [-1,0].
We observe that if K is a tangential body of E, then h(K,u) = h(E,u)
for all u € Uy(K) by definition, and therefore, K* = K. We prove a similar
property for the p-form body of tangential bodies in the following result.

Lemma 3.8. Let E € Kj with intE # 0, K € K{y(E) and 1 < p < o0.
Then K is a tangential body of E if and only if K; = K.

Proof. We assume first that K is a tangential body of E. Then, Theorem 3.7
yields that K§ = (1 — |/\|p)1/pK for all =1 < X <0 and thus,

. 1
() = ol ()P = B, up?) P = n(K, u)



GEOMETRIC PROPERTIES OF THE FAMILY OF p-PARALLEL BODIES 17

for all u € Up(K). Therefore, K; = K.

Reciprocally, let K = K. Using Remark [1.4/ we have h(K},u) = fzf{ (u)
for all u € Up(K}) = Up(K), and thus
for all u € Uy(K). Then,

1
h(K7 u)p < W [h(Kv u)p - h(Kg\): u)p]
for any —r(K;E) < A <0 and u € Up(K) and hence
W(KD,u) < (1— [AP)Ph(K, u).

Since Uy (KY}) C Uy (K), we can conclude that K} C (1 —[A|P)/PK. Observ-
ing now that
(1=IAP) P+, A E € (1= AP) P K4, AKE = (1=]AP) /P K4, [\ K = K,
we get that (1 — [AP) Yrg — K%, Theorem 3.7 yields the result. O

We notice that following a similar argument, it can be proved that K is
a dilation of a tangential body of a E if and only if K} = K.

Remark 3.9. Let E € K} with int E # 0, let K € K{jy(E) be a tangential
body of E and let 1 < p < co. Since KY = 0 \K for all —1 < X\ < 0, with
0= (1— |)\\p)1/p, Lemmas|3.3 and|3.8 imply that (K})5s = (0,K); = K =
K forall -1 < X <0.

On the other hand, from Lemmal3.8 and Proposition|3.2 iii) we have that
KP +, K = K?| +, K} C K, which implies that ker,(K; E) = K” | = {0}.

Heuristically, since the derivative of the support function of K is greater
than the support function of the form body K3 (see (1.7)), one could think
that the support function of the form body controls, in some sense, the rate
of change of the support function of the inner parallel bodies. The spirit of
Theorem (1.5 is to prove an analog of this control in the case of p-parallel
bodies. Next we show the proof of this result.

Proof of Theorem1.5. We know from Proposition [3.2/iii) that if £ € K,
LeKiy(E), r, =1(L;E) and 1 < p < 0o, then
(3.4) LB +p |p|L,, C L, forall —r; <p<0.
Hence, for K € Kijy(E) with r = r(K; F) and —r < A < A +¢ < 0, we have
that K%, € Kgo(E). Thus, (3.4) and Proposition [1.2/iv) imply that

KX +p (A, 5)(K§+s); < Kf\’+€,
where (A, €) is the positive real number satisfying A + ¢ = X+, p(A, €),
namely, p(Xe) = (|AP — (|A] — €)P) Y From this and Proposition 3.2l ii)
we obtain that

(3.5) K +p p(Ne)(KY, )" € KX, ..
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Following the same steps of the proof of [15, Theorem 1.4], and using (3.5)
and the continuity of the full system {K}} in A (see [28, Proposition 4.3]),
we obtain that for F € IC?O), K € Kiy(F) and 1 < p < oo, the inequality

d AP~ , Pk
h(KP, u) > lim A ((KY,.)* u)

bt b P (D) )
W= (KT )T o

WES up=t

@ H=A

holds for almost all A € [—r, 0], where the equality lims_,mh((Kers)*, u) =
h((K%)*,u) is guaranteed by the continuity of {K%}, in A and the proof of
[30, Lemma 3.1]. Thus, we obtain (1.8). O

If we express the Riemann-Minkowski integral [ Br K3 d\ as a Wulff-shape,
namely, fi)r K5 dx = WS(¢) for ¢(u) := ffr h(K},u)dt, then (2.7) can be

rewritten as
(3.6) K_, +WS(¢) C K.

The following result establishes an analogous relation to (3.6) in the case
1 < p < . Before showing the statement we introduce the auxiliary
function ¢, : S"71 — [0, 00) given by

Ppa(u) = <p/AO tPth (D)™ u)” dt)l/p.

Corollary 3.10. Let E € Kfp,), K € Kio(E), r =1(K;E) and 1 < p < o0,
and let —r < A < 0. Then,

(3.7) KL 4, WS(90) C K.

Proof. If we integrate the inequality in Theorem 1.5, i.e., (1.8) in [\, 0], we
obtain that

1 0 "

IH = G ] = [ (D))t

p A

ie., h(K,u)? > h(KY, u)? + ¢pr(w)P for all u € S"~!. From here we get

immediately the result using the support functions of the involved convex
bodies and Remark [1.4l O

Notice that ¢1 _, = ¢, and thus we can recover (2.7) from Corollary 3.10.

4. GEOMETRIC INEQUALITIES FOR THE FAMILY OF p-PARALLEL BODIES

This section is devoted to prove inequalities for different quermassintegrals
of a given convex body, K, and its p-parallel bodies, with respect to a fixed
gauge body E. First, we recall the definition of mixed quermassintegrals
introduced by Lutwak in [26], as well as their integral representation.
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Theorem 4.1. ([32, Theorem 9.1.1][26, Lemma 3.2]) Let K, L € Koy E €
K@ and p > 1. Then, for alli € {0,1,...,n— 1},

— ¢ (K 1/PL.E_ (K:E
iy KoL) = i Y AL E) — Wi(K E)
(41) p e—0t e
=" 2/ h(L,w)Ph(K,u)' P dS(K[n — i — 1], E[i], u).
p n Jgn—1

From Remark 3.4 we get that (r 4, A\)K;; C KX. In the following, we will
use the weaker inclusion (r +, A)E C K%, in order to deal with the (mixed)
quermassintegrals of the involved convex bodies.

The following result turns out to be essential to prove various inequali-
ties, and relates the relative quermassintegral W, 1 (K?%; E') and the mixed
quermassintegral W, ;(KY, E; E).

Proposition 4.2. Let E € K, K € Kio(E), 1 <p<oo, r=1(K;E) and
i€{0,1,...,n—1}. Then, for all A € (—r,00), we have that

(r +p AP W, i (KX, B3 B) < Wi (K3 E).
Proof. Since (r 4+, A\)E C K%, and p > 1, we have that
h(KR, u)' 7P < (v 4, N Ph(B,u) 7.
Thus,

1 / BB, uP (K, )P dS (KYn — i — 1], B[i], u)
STL 1

Wp,i(K§7E5E) n

IN

%(r 4y N /SM W(E,w) dS(KP[n — i — 1], Eli], u)
= (1 +p ) PWip (K B),

concluding the proof. O

Next we prove the upper bound for the quermassintegrals of the p-inner
parallel bodies given in Theorem [1.7.

Proof of Theorem |1.7. The technique of the proof follows the ideas from
the one of [3, Theorem 2]. Using Proposition (3.2) iii), the monotonicity
and the linearity of the mixed volumes (see e.g. [32, Section 5.1]), and the
well-known inclusion

(4.2) K+ EC20-V/P(K 4+ F)
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(see [9, Theorem 1)), we get
Wi(K; E) = V(K[n —i], E[i]) > V(K +, [\K;;, K[n — i — 1], E[i])
> ap V(KL + MK}, K[n — i — 1], E[i])
— o (V(KS, Kln — i = 1], B[i]) + [AIV (K, Kln— i — 1], E[i]))
> ap| AV (K, Kln —i— 1] Eli])
+ apV(KY, K} 4, MK, K[n — i — 2], Eli])
> ap AV (K}, Kn —i — 1],E[z]) + a2V (KL (2], K[n — i — 2], E[i])
+ |y V (K, K§, K[n — i — 2], E[i])

Y

> ol 'W(KS; E) + ap AV (K}, K[n — i — 1], E[i])
n—i—1 .
j=1
which concludes the proof. O

As a consequence of Theorem [1.7, one can get the following upper bound
for the relative quermassintegral W;(K7%; E) in terms of a finite sum of mixed
volumes involving K, E and the p-inner parallel body K¥ itself, as we know
that £ C K* C K, (see Proposition 3.2/ ii)).

Theorem 4.3. Let E € Kfj, K € K{j,(E), 1 <p <oo, r=r1(K;E), and let
i€{0,1,...,n—1}. Then, for all A\ € [-r,0] we have that
an ' Wi(KY; E) < Wi(KG E) — [MapWip (K E) — [Nap ™ "W (K3 E)
n—i—2 ‘
— [\ V(KR K[n —i—j — 1], E[i + 1]),
j=1

1
14
where o, = 27 .

The case p = 1 was proved in [3, Theorem 2|. As a by-product of
Theorem 4.3, the following result is immediately obtained by considering
1 = 0, which provides us with an upper bound for the volume Vol(Kf) =
Wo(KY; E) in terms of Wi (K3 E), Wi(K}; E) and a finite sum of mixed
volumes of K, Kf and the gauge body E. The case p = 1 can be found in
[3, Corollary 1].

Corollary 4.4. Let E € K, K € K{jy(E), 1 <p < o0, and letr = r(K; E).
Then, for all X\ € [—r,0] we have that

oz;vol(Kf) <vol(K) — [Aap, Wi (K; E) — |)\]a2_1W1(K§;E)

n—2
— A el V(KR[j], K[n — j — 1], E),
j=1
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1
where o, = 27 .

Although the results involving the gauge body E are always weaker than
the corresponding ones with K™ or K, one of the advantages of using E is
that sometimes the inequalities that appear can be improved using known
results for quermassintegrals, that do not exist for arbitrary mixed volumes.

Even though we have not been able to obtain an upper bound for the
i-th quermassintegral of K%, in which no p-inner parallel body appears (cf.
Theorems 1.7 and 4.3), in the following result we obtain an upper bound for
it in which only the relative quermassintegral W;(K; E) and a finite sum of
mixed volumes of K, K? K} and E show up. Notice that A will appear
solely as a multiplicative factor in the right-hand side of the inequality in
Theorem 4.5, but not in dependence of a convex body.

Theorem 4.5. Let E € K{j, K € K{j)(E), 1 <p < oo, r =r(K; E) and let
i€{0,1,...,n—1}. Then, for all X € (—r,0] we have that

ap T Wi(KY B) < Wi(K; ) [MapV(K[n —i— 1], K, E[i])
(4.3) o2

— [l Z 2jkzﬂ<k>(r+pk)j_kvz’jk7

where we write Vi, = V(K’ir[k:],K;[j —k+1],K[n—i—j—1],E[]) for
the sake of brevity and o, = 2%_1
Proof. By Remark [3.4/ and using the inclusion (4.2), we have that
V(K[ Kln— i = j = 1], Ky, E[i])

> adV(KY + (r+p VK], K[n — i — j — 1], K3, E[i])

‘ain() (r+p AV V(KL K], Kl — K+ 1), K[n — i — j — 1], E[i]).
=0

Combining this inequality with Theorem [1.7 we finish the proof. ([l

We remark again that although the inequality is, because of the use of
Remark 3.4, weaker than the one in Theorem (1.7, the advantage of the
right-hand side of (4.3) relies on the fact that the involved convex bodies do
not depend on the parameter .

In [15, Theorem 24 and remarks afterwards| the following integral rep-
resentation for the volume was shown: Let E € K?o)v K € Kip(E), r =

r(K;FE), 1 <p<ooandlet —r < XA <0. Then
0
(4.4) vol(K) — vol(K%) = n/ [t~ W, o(K?, E; E) dt.
A

We conclude the paper using the above identity in order to provide a further
lower bound for the volume of the p-inner parallel bodies of a convex body
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K. For the sake of brevity, we write

gp(A) = /0 £ dt
P ’ A (I.p _ |t|p) (pfl)/p

Theorem 4.6. Let E € K, K € Kio(E), 1 <p<ooandletr =r(K; E).
Then, for all X € (—r,0] we have that

r— (1 — |)\|p)1/p

vol(K2) > vol(K) + ——s g,(\)\Wa(K; E) — _ nWi(K; B),
Qp Qp

1
where o, = 27 .
Proof. Theorem 4.3/ with ¢ = 1 implies that

ay " 'Wi(KS; E) < Wi(K; E) — [, Wa(K; E).
This, together with Proposition 4.2! for ¢ = 0, yield

n\P~IW,o(K?, E; E) < " AP~ Wi(K; FE)
PO\ s = ag—l (r 4, A)p—1 )
AlP
" AN W,k B).

— ag’*2 (r +p )\)p—l

Then, integrating this expression in (A, 0) and using (4.4) we get

0
vol(K) — vol(K}) = n / tP W, o(K?, B F) dt
A

_ nWi(K: E) /“ -
- ag_l \ (I‘p _ ’t|p)(P—1)/P
~ nWy(K; E) /0 |t[P q
ag*Q 2 (I“p _ |t|p) (r—1)/p

_ WK E) (1 (o o) P - WW%

which shows the result. O
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